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Effects of Charged Particles on the Motion of an Earth Satellite

CLARK L. BRUNDIN*
University of California, Berkeley, Calif.

Using a model of the upper atmosphere in which the principal atmospheric constituent
(for both atoms and ions) changes with increasing altitude from atomic oxygen to helium and
then to atomic hydrogen, the charge on a conducting spherical satellite and the drag due to
charged particles are estimated for altitudes below the hydrogen region. The effects of photo-
electric emission and the earth's magnetic field are included in the calculations. It is found
that the contribution of charged particles to the satellite drag may be neglected in the oxygen
region. In the helium region the drag due to charged particles may be significant, particu-
larly for large satellites and in cases where the photoelectric emission current is significant.
A method of estimating this drag is presented. A comprehensive survey of the literature
concerning satellite charge and the resulting drag is included, and the existing contradic-
tions are explained. The conclusions regarding drag are applicable to satellites large with
respect to the debye length.

THE prediction of satellite decay times, as well as the use
of measured rates of decay to gain information about the

properties of the upper atmosphere, requires accurate knowl-
edge of the forces acting on a satellite. These forces arise
through the interaction of the satellite with the charged
and neutral particles in the atmosphere. While the effects
of neutral particles are reasonably well understood, in recent
years a number of papers have been published presenting
more or less contradictory predictions of the drag due to
charged particles. In this article a thorough review and
analysis of the published work on this problem is presented,
and equations are developed whereby the upper limits of the
drag due to charged particles can be estimated. The causes
of the contradictions hi predicted charged particle drag are
explained, and an over-all description of the phenomena in-
volved is given. While it will be seen that certain aspects
of the problem cannot be definitely resolved, the drawing of
speculative conclusions has been avoided.

At usual satellite altitudes (h > 300 km) the mean free
paths for collisions between neutral particles are in excess of
1 km, and hence any practically conceivable satellite falls
well within the free molecule flow regime. The calculation
of satellite drag due to collisions with neutral particles has
been treated in detail by Schaaf1 and Schamberg.2 In addi-
tion to neutral particles, the upper atmosphere contains signifi-
cant numbers of ions and electrons. According to the
estimates of atmospheric data of Ref. 3, the atmosphere is
about 0.1% ionized at 300 km, and the percentage of ioniza-
tion rises with increasing altitude. At 4000 km essentially
all gas molecules are ionized. It is felt that only singly
charged positive ions are present above 300 km, and hence
the usual requirement of plasma neutrality implies that equal
numbers of ions and electrons are present at these altitudes
(ne = n^. The mean free paths for charge-neutral collisions
are of the same order of magnitude as those for neutral-
collisions, and hence need not be considered further. How-
ever, since the interactions between charged particles are due
to coulomb forces, which act over a long range, some care
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must be exercised in adopting a free molecule flow approach
in the case of an ionized gas. The deflection of a charged
particle is actually due to a large number of long range en-
counters, each of which alters the particle motion only slightly.
The usual procedure is to define the collision time as the time
necessary for a particle to be deflected through 90 degrees.
If the body dimensions are kept much smaller than the mean
free paths calculated on the basis of these collision times, the
assumption of free molecule flow should be valid. The
collision times for charged particle-charged particle collisions
may be calculated using the equations given by Spitzer.4
These equations give a value of electron-ion mean free path
Xe» somewhat smaller than that calculated by Nicolet and
presented in Ref. 3, and thus represent a lower limit on the
estimate of X«;.t The charged particle mean free paths in-
crease with increasing temperature or decreasing number
density. Using the data of Ref. 3, and the more recent
estimates of upper atmosphere temperatures cited by Jastrow6

to select the combination of density and temperature yielding
a minimum, the minimum mean free path for electron-electron
or ion-ion collisions is calculated to be XM = X»» ~ 100 m.
The corresponding estimate of electron-ion mean free path
is \ei « 70 m. The mean free paths increase rapidly with
increasing altitude, so except for extremely large satellites
at very low altitudes the use of a free molecular flow approach
should be valid.

The calculation of the drag on a satellite due to the presence
of charged particles in the upper atmosphere is essentially
the calculation of the drag on a charged body moving in an
ionized gas (plasma) in the presence of a magnetic field.
The drag may be considered as coming from three factors,
although these factors may not be completely unrelated.
First there is the drag caused by the deflection of ions and
electrons by the charged body. These ions and electrons
may strike the body, or they may simply be deflected due to
coulomb forces. Second, there is the so-called "induced
drag/7 produced by the current flow induced hi a conductor
which moves in a magnetic field. Third, there is the factor
which might be called "wave drag," due to collective plasma
motion induced by the movement of the charged body. The
charging of the satellite will be considered first and then
the methods of estimating the various drag forces will be
discussed.

t It should be noted that the mean free path calculated from
the electron-ion collision frequency applies only to the electrons,
since ions are essentially unaffected by such collisions. The
extremely short ionic mean free paths calculated by Chopra5

are the result of the incorrect use of the electron-ion collision
frequency as the characteristic collision frequency for ions.
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Table 1 Most recent estimates of conditions in the upper atmosphere for various values of altitude ha

h,
km

300
500

1000
2000
3000
4000

ce m/sec,
T = 500 °K

1.39 X 105

1.39 X 105

1.39 X 105

1.39 X 105

1.39 X 105

1.39 X 105

GI m/sec
T = 500 °K

0.79 X 103

0.81 X 103

0.81 X 103

1.6 X 103

1.6 X 103

3.2 X 103

T = 2200 °K

1.65 X 103

1 7 X 103

1.7 X 103

3.4 X 103

3.4 X 103

6.8 X 103

Principal
atoms

O
O
0
He
He
H

Vs,
m/sec

7.7 X 103

7.6 X 103

7.35 X 103

6.9 X 103

6.5 X 103

6.2 X 103

Neutral
particles,

n/m3

2 X 1015

2 X 1014

5 X 1012

1011

2 X 1010

109

Charged
particles,

ne = m/m*

2 X 1012

2 X 1011

101C

5 X 109

2 X 109

2 X 109

a Typical value of electron thermal velocity ce, ion thermal velocity ct-, circular orbit satellite velocity vs, and particle densities are shown. Particle den-
sities are mean values for T « 1600°K.

Satellite Potential Neglecting Photoelectric
Emission

It will be useful to begin with a brief discussion of the be-
havior of a body in an ionized gas (with or without relative
motion between the gas and the body). It is clear that
collisions between the body and the ions and electrons
will occur. Since it is not possible for an isolated body to sus-
tain a net current flow to or from the plasma, the body must
become charged in such a manner that the net fluxes of ions
and electrons to the body are the same.f It is usual to as-
sume that all collisions with the body result in neutralization
of the colliding particles and that the body is made of a con-
ducting material. Under these assumptions it is possible,
at least in theory, to compute the equilibrium potential which
the body will assume. A correction factor to allow for the
reflection of charged particles as charged particles can be
applied to this result.

On the basis of theoretical and experimental results,7'8 it
is felt that the electron and ion temperatures in the upper
atmosphere are equal and that all particles have velocity dis-
tributions which are very nearly Maxwellian. Thus the
mean thermal velocity of electrons ce = (8kT/-jrme)l/2 (where
k = Boltzmann's constant and me = electronic mass) is
about 43 times as great as that of protons A- = (SkT/irnii)112.
If the ions are heavier particles than protons, or if the elec-
tron temperature exceeds the ion temperature, the relative
magnitude of ce will be still greater. Thus it is clear that, hi
the case of a stationary body, since ne = n^ and ce ?> dt the
net flux of electrons incident on a unit surface area of an un-
shielded body is much greater than the net flux of ions, i.e.;
(nece/4) ^> (ritCt-/4). Under steady conditions no net current
can flow to or from the body, so the body must take on a
negative potential such that all but a number of high energy
electrons sufficient to balance the ion current are repelled.
The equality of electron and ion currents can thus be ex-
pressed as

eneceAe __e
(1)

where <ps is the potential of the body, e the electronic charge,
defined negative, and Ae and Ai the effective collection areas
for electrons and ions. The equilibrium potential on a sta-
tionary body can be calculated from Eq. (1). The effective
collection area Ai may be a function of potential, and the sur-
face area of the body represents a lower limit on Ai. If the
body is in motion, the ion and electron fluxes will depend
on the velocity of the body, and hence the equilibrium poten-
tial is not so easily obtained. It should also be noted that
the bombardment of the body by photons may cause the
photoemission of electrons, with a resultant change in the

J It should be noted that the quantity which can be readily
computed is not the charge, but the potential which the body
assumes. This potential is referred to the so-called plasma
potential, which is the potential at which the body collects all
the ions and all the electrons incident upon it.

body potential in the positive direction. This effect will be
considered later.

Satellite potentials have been calculated by a number of
authors. While Chopra5 considers only the stationary case
just given, all other published results9"14 assume that c4- <<C
vs <<C ce where vs is the satellite velocity. Thus, in a frame of
reference moving with the satellite, the thermal motion of the
ions is regarded as negligible compared to their directed
motion, whereas the directed motion of the electrons is
negligible compared to their thermal motion. It is of interest
to consider the extent to which the forementioned approxi-
mations are satisfied in the upper atmosphere. Table 1
has been calculated on the basis of the most recently pub-
lished estimates of the properties of the atmosphere at alti-
tudes greater than 300 km.3 '6- 15 The satellite velocities are
based on circular orbits. It should be noted that considerable
seasonal variations in density and temperature, correspond-
ing to variations in solar activity, can occur, as well as diurnal
variations. The daily variation in temperature may be
as high as 800 °K, and the upper and lower limits of tempera-
ture are estimated as 2200° and 500 °K; the upper limit
corresponding to an afternoon temperature at maximum solar
activity and the lower limit to a predawn temperature at
minimum activity. These temperature variations are ac-
companied by density variations which can amount to several
orders of magnitude. The densities quoted correspond to a
temperature of 1600°K. As one moves outward from the
earth, the principal constituent of the atmosphere changes
from atomic oxygen at 3000 km, to helium at about 1000
km, and finally to hydrogen at around 2500-3500 km. The
transition points are subject to the same variations men-
tioned earlier.

It can be seen from Table 1 that vs <$c ce is always well
satisfied, whereas vs ^> Ci becomes an increasingly poor ap-
proximation with increasing altitude or increasing tempera-
ture. The neglect of the ionic thermal velocity is certainly
open to question wherever the principal atmospheric constit-
uent is hydrogen.

The limiting values of the satellite potential will be con-
sidered first and then the results will be compared with those
published results mentioned earlier. The treatment will
be limited to the case where d « vs «: ce, and thus is not ap-
plicable to the hydrogen region. The effects of photoelectric
emission and the earth's magnetic field will be introduced
later. If the effect of satellite potential on the ions is neg-
lected, the effective collection area for ions is simply the pro-
jected area of the sphere. Hence the incident ion flux is
HiVsTrR2, where R is the sphere radius. This is identical
to the result obtained for neutral particles, since in effect
it is assumed that the satellite potential is screened in a
negligibly thin region outside the surface.

In the opposite case, in which the satellite potential is
assumed to be completely unshielded, use may be made of
the results first given by Mott-Smith and Langmuir16 with
reference to probe theory in gaseous discharges. From a
consideration of the conservation of angular momentum and
the conservation of energy of a singly charged particle mov-
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ing in the vicinity of a charged sphere, the effective impact
radius for ions is calculated as b* = R[l + (2e<ps/ra^s

2)]1/2.
The electron current to the satellite is dependent only on

the satellite potential, and not on the degree of shielding out-
side the satellite surface, since only those electrons with
energies greater than e<ps can reach the satellite surface and
recombine with ions. Thus the incident electron flux is as
given in Eq. (1), provided a suitable value of Ae is used.
Since the thermal velocity of the ions is small compared
to the satellite velocity, a region of reduced ion density may
exist behind the satellite. If over-all charge neutrality is
maintained in this region (as will be seen to be the case)
the electron density will also be reduced. Thus the effective
collection area for electrons must be modified to account for
the wake. The limiting values can be bracketed by 27rR2 <
Ae < 4:7rR*. The electron and ion currents to a spherical
satellite are given by

Ie = Ce.
(2)

where d = 1 for complete shielding, d = I + (2e<ps/niiVs
2)

for no shielding, Ce — 1 for no wake correction, and Ce = J for
wake on rear half. It will be seen that the effect of ion at-
traction by the negatively charged satellite is to reduce the
wake region, and that for most cases partial shielding exists.
However, Eq. (2) is felt to represent the limiting behavior
correctly.

The satellite potential is determined by equating the elec-
tron and ion currents in Eq. (2), as

<Ps = 2e (3)

The second term in brackets is always much smaller than the
first, and below the transition point to hydrogen the maxi-
mum correction amounts to less than 25%. Below the
helium region the uncertainty is still smaller. The maximum
negative potential consistent with Table 1 is (ps « —0.75 v.

In connection with the forementioned results, it should be
noted that the use of conservation of angular momentum
about the sphere center is only justified when the charge
distribution about the sphere is spherically symmetric. It
has been shown by Heatley17 in connection with probe
theory, and can also be demonstrated by simple arguments
concerning the effect of a negative charge in the wake on the
angular momentum of a particle, (because of the deficiency
of ions in the wake, a negative charge sufficient to reduce the
electron density and maintain charge neutrality is built up)
that the neglect of the lack of spherical symmetry in the
charge distribution causes both the electron and ion currents
to be overestimated. However, in view of the uncertainty
which exists in the effective collection area for electrons, and
in view of the fact that the inclusion of ion attraction yielded
only a small correction term in Eq. (3), a more exact calcu-
lation does not appear to be necessary.

One of the first estimates of satellite potential is that of
Jastrow and Pearse.9 In the nomenclature of Eqs. (2) and
(3), they use d = 1, Ce = 1. They also assume that T6 »
Ti, and on this basis predict negative potentials up to cps =
— 60 v. The later experimental and theoretical results indi-
cate that Te » T^ and hence such high potentials would not
be expected to occur.

In contrast to Ref. 9, Chang and Smith11 assume that the
completely unshielded results are valid, and also introduce
a wake over the rear hemisphere. The effect of photoelectric
emission on the satellite potential is also considered, and it is
concluded that for lower altitudes (k < 1000 km) the photo-
electric effect is small. By means of an approximate analysis
of the potential distribution around the satellite, Chang and
Smith attempt to show that the unshielded solutions are
correct. For the spherically symmetric problem, the maxi-

mum impact parameter which an ion may have and still
reach any given radius r from the sphere center is b = r{l +
[2e(p(r)/miVs

z]}1/2. For the unshielded solutions to be cor-
rect, there must exist no r > R for which b(r) < bi(R). Thus
it must be shown that db/dr > 0 for r > R. There appears
to be an error in sign in Chang and Smith's analysis, and a
recalculation shows that, for the approximate potential dis-
tributions calculated by them, appreciable shielding does
occur at higher electron densities and lower potentials. The
whole question of the charge distribution around the satellite
will be discussed in more detail in a later section.

Beard and Johnson10 modify Jastrow and Pearse's ap-
proach to include the effect of the earth's magnetic field.
The case of a rectangular parallelepiped moving at right
angles to the field lines is considered, and it is assumed that
the mean motion of the electrons is parallel to the magnetic
field, so that electrons are incident only on the two surfaces
perpendicular to the field direction. As before, the ion cur-
rent is determined by the projected area in the direction
of motion of the body.

Due to the presence of a magnetic field, a potential gradient
of Bvs volts/m in the vs X B direction is induced in the satel-
lite, where B is the magnetic field strength in webers/m2 and
vs the satellite velocity in m/sec. The effect of this potential
gradient is to concentrate the electron current toward the
positive end of the satellite. The ion current will be un-
affected, except insofar as the increased negative potential
tends to increase the effective collection area for ions. The
magnetic field strength varies considerably with geographi-
cal location (see Ref. 3 for a more complete discussion) but is
always of the order of 10 ~5 webers/m2 at altitudes of in-
terest. To summarize briefly the results presented in Ref.
10, it can be stated that for satellites whose length is less
than say 1 meter the magnetic field effects will be small,
causing only a small change in the average (midpoint)
satellite potential. As the satellite length increases, the
effect of the potential gradient increases until for very large
satellites (say length > 10 m) one end of the satellite is essen-
tially at the plasma potential, and the average potential is
given by <p = Bvsl/2 where I is the total length in meters.
Magnetic field effects will be neglected in the remainder of
this section, hence we effectively consider only small satellites
or those moving parallel to the field lines.

In a paper published at the same time as Ref. 9, Gringauz
and Zelikman12 discuss briefly the general question of satellite
potentials. The existence of a potential gradient is pointed
out, and the effective collection area for electrons is taken
as the projected area of the satellite in a plane normal to the
magnetic field lines. The necessity of calculating an effective
collection area for ions is mentioned, but no method of deter-
mination is given. As a rough estimate, and without details
of the method of calculation, negative potentials of less than
1 v are predicted for Te = T>= 1000°K.

For completeness, the pioneering paper by Lehnert13 should
be mentioned. The general features of the satellite potential
problem are pointed out, and results similar to those of Ref.
12 are presented. This paper represents the first published
treatment of the problem.

Satellite Potential Including Photoelectric
Emission

As will be seen, the experimental results indicate that the
effect of photoelectric emission is not negligible, and it will
be convenient to modify Eq. (3) to include this effect. Con-
sider first the case where the resulting satellite potential is
not greater than zero. Here the various relationships for the
current flow to the satellite previously considered are still
valid, and it is only necessary to rewrite the current balance
to include the total photoelectric emission current Ipum which
at this time must be regarded as a measured quantity.
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Neglecting magnetic field effects, the satellite potential is
given by

basis of this information, the incident solar energy can be
represented by the following set of equations:

2e

where the notation is that of Eq. (2).
The case of positive satellite potentials is more difficult;

however, the limiting behavior can be discussed. Consider
first the expressions for the current flow to the satellite. This
problem has been treated in detail by Mott-Smith and
Langmuir,15 and only the relevant results will be cited. The
ion current is given by

7; = -

as before, as long as c <<C vs, except that for (2e<pa/m,iV8
2) <

— 1, Ii = 0. This expression is now valid regardless of any
shielding of the satellite potential. The upper limit on the
electron current occurs when no shielding is present, and is
then

Ie = TrR2nee \icm.

If the sphere potential is shielded to some extent, the value
of Ie may be reduced, and the dependence on <p will no longer
be linear. The exact nature of the charge distribution around
the body must then be known.

The photoelectric emission current also depends on the
magnitude of the positive sphere potential <ps. The measured
value Iphm which was used in Eq. (4a) may be regarded as the
maximum value, since the photoelectric emission does not in-
crease with increasing negative potentials, the current being
limited by the surface work function <pw, and all emitted
electrons being repelled from the surface. However, as the
sphere potential becomes more positive, only the higher
energy electrons can escape from the surface, and at any
altitude a balance will be reached between the incident
electron flux Ie and the photoelectric emission current IPH
at some positive potential. Thus one must estimate the
dependence of the photoelectric emission current on potential.
Since we are interested in the maximum positive potential
which the satellite may assume, we will consider the upper
limit of IPh.

Thus assume that all electrons emitted by incident radiation
of a certain frequency have the maximum energy associated
with that frequency, as given by Einstein's equation %meve* =
hv + e<pw (as before, e is defined negative), where v is the fre-
quency and h is Planck's constant. The simplest procedure
is to assume that the sun's radiation can be approximated by
a characteristic black body. The dependence of radiant
energy on frequency is now given by Planck's formula, and,
with an assumption regarding the efficiency of photoemission
as a function of frequency, the dependence of IPh on potential
can be calculated. However, the data presented in Ref. 3
show that, while the incident radiation is reasonably well
approximated by 4500 °K black body up to a frequency of
2.1 X 1015 cps, the major portion of the solar radiation energy
at higher frequencies is contained in a series of spectral lines,
and the incident radiation per unit frequency no longer ex-
hibits the exponential decay characteristic of a black body.
If the Lyman a line at 1216 A (2.46 X 1015 cps) is excluded,
the remaining spectrum does not show any extremely pro-
nounced peaks, and the energy per unit frequency varies
roughly as the inverse square of the frequency. The Lyman
a line contains about twice the energy contained hi the re-
mainder of the spectrum above 2.1 X 1015 cps. The energy
levels are3 E = 0.25 X 10"2 w/m2 for v > 2.14 X 1015, plus
E = 0.6 X 10~2 w/m2 for v = 2.46 X 1015 (L«). On the

dE = 0.54 X 1013 dv

E = 0.6 X 10"2

dE = 1.0 X 10"54 v*e

v > 2.14 X 1015

v = 2.46 X 1015

v < 2.14 X 1015

where TB = 4500 °K is the effective black body temperature
of the sun, and where the expression for v < 2.14 X 10 15 makes
use of the fact that e~Vlv/kTEi) <3C 1 for all frequencies above
the threshold frequency of typical surfaces.

An accurate estimate of the dependence of the photo-
electric emission on frequency is more difficult. The spectral
yield is strongly dependent on surface condition and surface
history, the uncertainty frequently amounting to more than
a factor of ten. From the data given by Weissler18 for typi-
cal surfaces, the dependence is roughly as follows. The
photoelectric emission current per unit frequency for con-
stant incident energy per unit frequency increases exponen-
tially from the threshold frequency up to about 3 X 1015

cps and then decreases in proportion to l/v with further
increase in frequency. By combining this estimate with the
forementioned description of the solar spectrum and evaluat-
ing the resulting expression, an approximate idea of the de-
pendence of photoelectric emission on the satellite potential
can be determined.

The photoelectric work functions of engineering materials
range from about 3 to 4.5 v, corresponding to threshold fre-
quencies of from 0.7 X 1015 sec"1 to 1.1 X 1015 sec"1. Using
a threshold frequency of 1015 sec"1 (<pw = 4.1 v), it is found
that the total photoemission current for <ps < 0 is made up of
4 more or less equal contributions, corresponding to solar
emission above 3 X 1015 sec"1, emission between 2.14 X
1015 and 3 X 1015 sec"1 excluding Lyman a, the Lyman a
emission, and emission below 2.14 X 1015 sec"1.

Now, it is clear that for <ps > 0 the positive ion current is
always negligible in comparison with the electron current,
and hence the satellite potential for the case where <ps > 0
can be found from a current balance of the form

(4b)

where Iphm is the total photoelectric current for <ps < 0 and
f(<pw + <ps) < 1. As in the case of negative potentials, the
term in parentheses on the left-hand side of Eq. (4b) is only
valid when the satellite potential is completely unshielded.
To estimate the maximum positive potential, this term
should be neglected. Since the ion current has been neg-
lected, Eq. (4b) is valid regardless of whether vs > c».

The measured values of photoelectric current density IPhm/
irR2 are less than 10 ~4 amp/m2, and hence it can be seen from
Table 1 and Eq. (4b) that so long as ne > 4 X 109/m8, positive
satellite potentials would not be expected to occur. Since
even in interplanetary space the electron density is around
108/ni3, it is hard to predict positive satellite potentials of
more than a few volts. The forementioned calculation over-
estimates the potential in any case, since the experimental
results indicate that the mean energy of emitted photoelec-
trons is -|- to f of the maximum value given by Einstein's
equation, and since it is probable that the incident electron
current Te does increase with increasing positive potential.

Although the calculations are for somewhat different cir-
cumstances, it is of interest to compare the forementioned
with the results obtained by Kurt and Moroz.19 They
calculate the potential of conducting sphere in interplanetary
space, considering the effects of ion and electron collection,
photoelectric emission, and the collection of high energy
electrons and protons hi the radiation belts with the conse-
quent emission of secondary electrons. In calculating the
electron and ion currents, the approximate shielding dis-
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tances given by Mott-Smith and Langmuir16 are used, the
motion of the sphere being neglected. The photoelectric
current is obtained from a semigraphical analysis, the de-
pendence on potential being roughly equivalent to that just
given. For T < 104°K, charged particle density ne = nt- >
107/m3, and a theoretical photoelectric current density of
0.25 X 10 ~4 amp/m2 (maximum value, for <p < 0), the
sphere potentials outside the radiation belts are calculated
as —3.2 < <p < +4 v. In the radiation belts, negative po-
tentials as high as 2 X 104 v are estimated, although it is
stated that the estimates are very rough. It is interesting
to note that, contrary to the predictions of Chopra,6 high
positive potentials are not expected to occur. The experi-
mental results to be described later indicate that an un-
realistically high value of photoelectric emission current is
used in Ref. 5.

It should be noted that in none of the methods just dis-
cussed is the complete problem of the potential assumed by
the satellite treated. The ion and electron currents to the
body are influenced by the body potential, since the effective
collection area for ions or electrons is a function of potential.
However, the body potential also serves to alter the ion or
electron concentration in the neighborhood of the body, which
will in itself affect the collection currents, and hence the body
potential. An accurate solution to the problem must involve
a calculation producing ion and electron currents, satellite
potential, and charged particle densities around the satellite
which are mutually consistent. A complete solution is not
required for the purposes of this paper, since the limiting be-
havior has been determined. All of the forementioned ap-
proximate solutions give similar results, suggesting that the
correction to be obtained from such a solution would be small.

Satellite Shielding

The shielding of a rapidly moving sphere of arbitrary po-
tential has been considered by Davis and Harris20 for the
case where e» «: v8 <<C ce. The solution is performed by an
iterative procedure, whereby Poisson's equation is solved
around the satellite for an assumed ion distribution, new
ion trajectories are calculated, giving a modified ion dis-
tribution, Poisson's equation is again solved, and the pro-
cedure repeated until a self-consistent solution is obtained.
Although particle-particle interactions are not included, the
collective effects of the ion distribution are contained in
Poisson's equation. The electron distribution is assumed to
be given by ne = neooe~(e<f>/kT\ Solutions were obtained only
for somewhat higher potentials than are now expected to
occur, but the qualitative results are of interest. A region
of reduced ion density is found to occur behind the satellite,
where ions have effectively been swept out. Due to the
focusing effect of the satellite potential on deflected ions, a
small region of high ion density is found just behind the
satellite on the axis.

Davis and Harris also plot ion densities and net charge
densities in the vicinity of the sphere. It is found that al-
though ions are effectively swept out by the sphere, the focus-
ing effect of the sphere potential on the ions that do not
actually collide with the sphere causes an appreciable con-
centration of ions in the wake, and the satellite is completely
surrounded by an ion sheath.

It should be noted that in Davis and Harris' calculations
the thermal velocity of ions has been completely neglected,
and hence the wake is populated only by ions deflected by
the satellite potential. The electron density is calculated
by assuming that the electrons move in the combined field of
the ions and the satellite, and solving Poisson's equation in
the form

(5)

where nfm = nim is the charged particle density in the undis-
turbed plasma and e0 = 8.85 X 10~12 (MKS).

In connection with the numerical results obtained by Davis
and Harris, it is of interest to consider the work of a number
of authors on the nature of the flow field and potential dis-
tribution around a satellite moving in the ionosphere. If the
change in ion density in the vicinity of the satellite and the
lack of spherical symmetry are neglected, the potential dis-
tribution can be found directly from a solution of Eq. (5),
where the first term in the parentheses is now equal to unity.
This problem is treated by Jastrow and Pearse9 and Chang
and Smith,11 who obtained similar results. However, the
changes in ion density and the lack of spherical symmetry
found by Davis and Harris leave the accuracy of these results
open to question.

In a recently published paper, Hohl and Wood14 present a
set of numerical calculations based on an approach similar to
that taken by Jastrow and Pearse, but including the poten-
tial gradient induced by a magnetic field normal to the ve-
locity vector. Changes in ion density in the vicinity of the
satellite are neglected, as is the existence of a wake region.
Thus the spherical symmetry assumed by Jastrow and Pearse
is replaced by rotational symmetry about an axis mutually
normal to the velocity vector and the magnetic field. Hohl
and Wood point out that a correct description of the elec-
tron density in the vicinity of the satellite must include a
consideration of the absorption of electrons at the satellite
surface. If the distance in which the satellite potential is
shielded is small compared to the satellite diameter, the
problem can be treated as plane and the electron density for
<ps < 0 is given by

Thus the form of Poisson's equation solved in Ref. 14 is

I + i-erf X

Numerical calculations of the potential distribution and the
resultant ion trajectories are presented for a 4 meter diameter
sphere in a helium atmosphere. As would be expected, the
results are similar to those obtained by Jastrow and Pearse.

The satellite potential calculated in Ref. 14 includes the
effect of increased collection area for ions. The midpoint
potential on which the gradient of Bva volts/meter is superim-
posed is found to be —0.396 v. The most negative average
potential predicted by Eq. (3) is -0.388 v. The slight dis-
agreement is due to the fact that the exponential dependence
of electron current on potential, combined with the existence
of a potential gradient, tends to increase the average nega-
tive potential somewhat compared to the zero magnetic field
case.

In the works of Gurevich21 and Dolph and Weil22 the effect
of the satellite charge on the ion motion is neglected, and the
ion density distribution is found from a solution of the collision
free Boltzmann equation. The distribution of ions is thus
identical to the distribution of neutral particles, and the wake
is populated by ions which diffuse into this region. The re-
sults of the two computations are in as good agreement as
could be expected, since somewhat different approximations
are used. A region of reduced density extends for a con-
siderable distance behind the sphere, the density at 20 sphere
diameters being about 90% of the freestream value.

Gurevich presents an approximate solution of Eq. (5).
whereby a region of negative potential is found to exist for
some distance behind the sphere. This negative potential
serves to reduce the electron density in the wake, and Gure-
vich finds that to terms of order (\D/R)2 plasma neutrality
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exists within the wake. \D is the debye length, and is of the
order of a few centimeters in the upper atmosphere. Gure-.
vich does not present accurate results for the immediate vi-
cinity of the satellite. The inclusion of the electrostatic
deflection of ions in the calculations would serve to reduce
both the extent of the wake and the magnitude of the nega-
tive potential in the wake region.

In all the results concerning the wake just mentioned the
effect of the earth's magnetic field is neglected. Gurevich
extends his analysis of the wake region to include a constant
magnetic field. He finds that where motion of the body per-
pendicular to the field lines is present, the ion density oscillates
somewhat in the wake, and the return to the freestream value
is more gradual than in the absence of a magnetic field.

In the present analysis it has been assumed that all ions
incident on the satellite are neutralized and reflected as neu-
tral particles. On the basis of the experience with probes in
gas discharges, this would appear to be a reasonable assump-
tion. However, no directly applicable experimental or theo-
retical results are available for conditions corresponding to
those existing in the upper atmosphere, and hence the possi-
bility of ions being reflected as ions should perhaps be con-
sidered. By means of a series of somewhat inconsistent
plausibility arguments Chopra23 develops a picture of the flow
field which includes a belt of orbiting ionized particles a short
distance from the sphere, and a longitudinal ionized column
moving ahead of the sphere.§ In a more careful analysis,
which includes the effects of coulomb interactions between
the incoming and reflected ions, Bird24 shows that for a disc
moving perpendicular to its flat face, a certain percentage of
the reflected particles will re-impinge on the surface. A paral-
lel magnetic field greatly enhances this effect.

As can be easily seen from the derivation of Eq. (3), a de-
crease in the effective ion current to the satellite causes an
increase in the negative potential assumed by the satellite.
As will be seen, the agreement of the small amount of avail-
able experimental data with the theoretical predictions as-
suming complete neutralization suggests that most incident
ions are neutralized on the satellite surface.

Another phenomena which has not been considered is that
of secondary emission from the satellite surface. Again ex-
perience with gas discharges suggests that this effect is not
significant, but again there are no directly applicable experi-
mental or theoretical results available. The effect of second-
ary emission on the satellite potential is the same as that of
photoelectric emission, and if any data were available a
similar treatment could be used.

Experimental Results

An experimental investigation of collection currents and
equilibrium potentials is reported in Ref. 25. On the basis
of the experimental data, some qualitative evaluation of the
just mentioned theories is possible. The data were taken at
an altitude of 1000 km on the Explorer VIII Satellite. The
ion current to a small collector on the satellite was found to
be unaffected by the relative position of the earth's magnetic
field. The measured ion current is consistent with Davis and
Harris' picture of ion trajectories, and the assumption that
ions are incident only on the front surface of the satellite is,
in fact, a good one.

The average satellite potential was found to be ~ —0.15 v,
and, as predicted by Beard and Johnson,10 there was a po-
tential gradient in the v X B direction. The electron cur-
rent was concentrated toward the positive end of the satellite.

§ In his two recent papers on this problem, Chopra5-23 pre-
sents a number of contradictory intuitive pictures of the charged
particle field around a satellite. He makes no attempt to rec-
oncile these contradictions, and the absence of derivations or
calculations makes it difficult to evaluate the significance of his
work.

However, contrary to the assumption made by Beard and
Johnson, the electron current was not confined to directions
parallel to the magnetic field lines, but was present also on
surfaces perpendicular to the field lines. Also, contrary
to the predictions of Chang and Smith,11 there appears to have
been very little reduction in the electron current on the back
side of the satellite (opposite the velocity vector). Thus a
qualitative description of the experimental results shows ions
incident from the direction of the velocity vector only, and
electrons incident on all surfaces of the satellite, but concen-
trated toward that end of the satellite which has the most
positive potential. The electron current on the back surface
of the satellite was ^0.75 of that on the front surface.

The experimental measurement of photoemission makes
it possible to compare the observed satellite potential with
the values predicted from Eqs. (3) and (4). The relevant
quantities taken from Ref. 25 are vs = 7.4 X 103 m/sec, T =
1100°K, Ui = ne = 1.3 X 1010/m3, and ;photon/7r#2 « 0.4 X
10~4 amp/m2. Using Eq. (3), the values for the satellite
potential range from —0.24 to —0.32 v. The values ob-
tained from Eq. (4a) range from —0.12 to —0.20 v. In
view of the uncertainty regarding satellite shielding and the
approximate nature of the estimate of photon (the Explorer
VIII satellite was not spherical) the agreement between
theory and experiment is felt to be quite goodJI

There is considerable variation in the estimates of electron
density at high altitudes, but, as is pointed out in Ref. 25,
the satellite would certainly be expected to be positive during
the day at altitudes above 4000 km. Positive potentials could
be predicted at lower altitudes. It might be noted that at
altitudes where positive potentials are likely, the ion current
to the satellite has a negligible effect on the satellite poten-
tial. On the other hand, at altitudes where photoemission
is negligible the satellite potential depends only on the ion
current and the electron temperature. During periods when
the satellite is not exposed to solar radiation, its potential
will, of course, be negative.

A model for the sheath surrounding the charged satellite
similar to that suggested in Ref. 12 is proposed in Ref. 25.
It is concluded that since no ion current was measured on the
back surface of the satellite an electron sheath must exist at
that point. This conclusion seems difficult to support, as
does the idea that this negatively charged area must be sur-
rounded by an ion sheath. As can be seen from the particle
trajectories calculated by Davis and Harris, ions are cer-
tainly present in the area behind the satellite. It is only that
their directed velocities are such that they do not strike the
satellite. These ions still make a definite contribution to
the net charge distribution in the vicinity of the satellite.
If over-all charge neutrality is assumed, the presence of an
appreciable electron current at the back of the satellite could
be taken as an indication that an appreciable number of
ions are also present in that area. This conclusion is con-
sistent with the calculations of Davis and Harris and with
the results of Gurevich.

Charged Particle Drag—Direct Collisions

The charging of a satellite has been treated in considerable
detail in the preceding section. This detail is felt to be
justified, since the drag due to momentum exchange with
charged particles is directly related to the number of charged
particles which strike or are deflected by the body, which
in turn depends on the extent to which the charge on the
body is shielded from the surrounding plasma. Consider
first the drag due to direct impact of particles on the satellite.
This problem has been considered in Refs. 9-11, 14, and
20.

|| As is discussed in Refs. 26 and 27, the relatively high nega-
tive potentials reported for Sputnik III28 are not felt to be
accurate.
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Within the scope of the so-called hypersonic approximation,
where vs ^> d, the drag on a sphere due to incident ions (or
neutral particles) can be expressed by

where bi is the effective collection radius for ions. The drag
due to neutral particles is simply

Fn = (7)

where m» « mn. In Ref. 2 it is shown that the estimate
given by Eq. (7) is less than 10% low at a speed ratio vs/c of
3, and is still less than 25% low at a speed ratio of 2. Thus
the drag estimates calculated here should be valid so long as
the principal atmospheric constituent is not hydrogen.

As has been seen in the previous discussion, the estimate
of the effective collection radius given by Chang and Smith11

can be taken as an upper limit on 6t-, and thus can be effec-
tively used to determine where the contribution of direct
impacts with charged particles to the satellite drag may be
neglected. Thus one writes

(8)

as the upper bound. (For positive satellite potentials, Eq.
(8) is still valid, and now bi < R. The neglect of charged
particles will now cause the drag to be somewhat over-
estimated.) Any shielding of the satellite potential will
serve to reduce the value of bi given in Eq. (8). A com-
parison with the approximate shielding distance calculated
by Jastrow and Pearse9 is not possible, since they solve only
a spherically symmetric form of Poisson's equation, and
neglect the effect of the directed velocity of the ions on the
ion charge distribution. Beard and Johnson10 use the result
obtained in Ref. 9 without change. For the conditions used
by Hohl and Wood,14 Eq. (8) gives bt = 1.18 R, whereas
their calculation yields bi = 1.05 R.

The ratio of the incident charged particle drag to the neu-
tral particle drag is given by

(9)

Equation (9) is only felt to be valid below the hydrogen
region. Since, as one has seen, the satellite potential is
never more than about 0.75 v negative, the term in paren-
theses is always less than 2. Thus the drag due to incident
charged particles is only significant in those regions where
the charged particle density is significant. It can be seen
from Table 1 that neglect of the incident charged particles
is certainly justified at lower altitudes, and even at 3000 km
the drag force will be underestimated by at most 20%.

Rather than considering Eq. (9), it is probably more rea-
sonable to calculate the error which would result from regard-
ing all particles as neutral, and thus neglecting the increase
in drag which occurs since some particles are charged. In
this case, the error in the estimate of the total drag due to
incident momentum transfer will always be less than 10%
when the percentage of total particles which are charged is
less than 10%.

The drag due to re-emitted particles has not yet been con-
sidered. Since it is assumed that all incident ions which
strike the surface are re-emitted as neutral atoms, the esti-
mates made by Schamberg2 for neutral particles can be used
in the present analysis. Following the approach of the pre-
ceding paragraph, consider only the errors which could re-
sult from neglecting the fact that some of the re-emitted
neutral particles arrived at the surface as ions. As has been
pointed out by Jastrow and Pearse,9 the ions which arrive
at the surface have been accelerated through an electric field,
and since these ions leave the surface as neutral particles, a
similar deceleration does not take place. If little or no ac-

commodation to the surface temperature takes place, the
recombined ions leave the surface with higher velocities than
the particles which were always neutral.

Schamberg shows that for specular reflection the drag on
a sphere is unaffected by the re-emitted molecules, and is
always given correctly by Eq. (7). Thus, to estimate the
maximum effect of the ions, consider the case of diffuse re-
emission without any surface accommodation. Following
Schamberg, the contribution of re-emitted particles to the
drag for this limiting case is given by

Fr = (jLHL
\9"^ (10)

where vr is the velocity of re-emission, and for neutral particles
vr = vs in our limiting case. In the case of incident ions, vr
is given by vr = vs + (2e<£>s/ra;)1/2, and thus the maximum
contribution of re-emitted recombined ions to the drag is,
from (6), (8), and (10)

Fri - (ID

It should be noted that the additional collection area for
ions has been included in Eq. (11).

Since the maximum value of (2e<ps/m^6
2)1/2 is slightly less

than 1, Eq. (11) yields a maximum drag contribution which
is about 4 times that of Eq. (7), for similar freestream densi-
ties. Any accommodation of the particles to the surface
temperature will rapidly reduce this value.

As before, the meaningful quantity is the additional drag
which results from the fact that a certain percentage of the
total particles are ionized rather than neutral. From Eqs.
(6, 7, 10, and 11), and using the maximum possible value
(below the hydrogen region) of 2e<ps/miVs* = 1, it can be
seen that if 10% of the particles are ionized, the neglect of
this ionization causes the total drag due to direct collisions
with ions to be underestimated at most by 12%.

The momentum transfer due to collisions with electrons
can be estimated by means of a very simple argument. Fol-
lowing the approach of Jastrow and Pearse,9 make use of
Epstein's expression for the drag on a sphere in free molecule
flow,29 for the case where vs <<c ce

Fe = (12)

Taking the ratio of Eq. (12) to Eq. (6), using bi ~ R and
Hi = ne, one has Fe/Fi « mece/niiVS) indicating that the drag
due to electron impacts is always less than 1% of that due
to ion impacts. It should be noted that Eq. (12) probably
overestimates the drag due to electrons, since most electrons
are only deflected by the body and do not collide with it.

Charged Particle Drag—Noncolliding Deflected
Particles

Having estimated the drag due to charged particles which
collide with the satellite, one must now consider the effects of
what is called "dynamic friction." Here one refers to the
momentum exchange which takes place between the charged
sphere and those charged particles which are deflected by the
coulomb forces, but do not actually strike the sphere. In
other words, consider ions with impact parameter b > bi}
which pass through that region where the satellite potential
is not yet completely screened. This problem has been con-
sidered in Refs. 9, 11, 14, 20, and 30.

Jastrow and Pearse9 calculate the effect of deflected ions
using their calculated shielding distance, and conclude that
the total contribution to the drag is negligible. A similar
result is obtained by Hohl and Wood.14 However, in view
of the inaccuracies which exist in their shielding models, this
result should not be regarded as conclusive.

Chopra and Singer30 attempt to estimate the dynamic fric-
tion through an application of Spitzer's4 calculation of the
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slowing down of ions by charged field particles. Briefly,
the approach taken by Spitzer involves a modification of the
theory advanced by Chandrasekhar31 for dynamic friction
due to gravitational forces to apply to the case of coulomb
forces. The resulting drag is given by4

(13)

where bm is the impact parameter beyond which the ion mo-
tion is unaffected by the satellite potential and Ze is the total
charge on the satellite. If the satellite is regarded as un-
shielded, Ze = 47reo#<ps where t0 = 8.85 X 10~12. Any
shielding of the satellite will increase this value. However,
as is pointed out by both Chandrasekhar and Spitzer, Eq.
(13) is obtained under the restriction that ln(6m/&;) » 1, and
in fact ln(6m/6t-) represents the ratio of the dominant to non-
dominant terms in the more complicated expression de-
veloped by Chandrasekhar. It seems clear that for normal
sized satellites hi(6m/6t-) is probably less than one. In place
of ln(&TO/&»), Chopra and Singer used ln(Xz>/po), where pQ is the
impact parameter for 90° deflection in a collision between
singly charged ions and \D the debye length. Thus, the
rather large drag forces calculated in Ref. 30 have no signifi-
cance. #

Chang and Smith11 obtain Eq. (13) from a simplified treat-
ment in which only the momentum acquired by deflected
particles in a direction normal to the satellite velocity is
considered. However, no conclusions as to the appropriate
magnitude of bm are possible without a calculation of the
actual charge distribution around the satellite.

The somewhat controversial paper by Wyatt32 should per-
haps be mentioned at this point. This work is discussed at
length elsewhere in the literature,33"36 where it is pointed
out that the lack of a physically realistic basis for the analysis
has produced misleading results.

Rand37 considers a circular disk of radius R 2> Xx> moving in
a direction perpendicular to its surface. He calculates the
drag due to deflected particles in a manner somewhat differ-
ent from that just given. In addition to assuming that
complete shielding takes place within a debye length of the
disk edge, he makes use of linearizations which require that
the inequality e<p <<c kT be satisfied. For typical conditions
e/kT « 10/v, and hence it must be concluded that if the
satellite carries any significant charge, and hence can be ex-
pected to have significant drag due to deflected particles,
the results obtained by Rand are not applicable.

Some conclusions as to the effect of deflected particles
can be obtained from the numerical calculations of Davis
and Harris.20 They compute the drag due to deflected
particles, and then modify the effective impact parameter
bi in such a manner that the total drag due to charged par-
ticles is given by Eq. (6). The effect of the re-emitted
particles is neglected. The satellite velocities used in the
calculations are appropriate to the region below 1000 km.
Results are presented for spheres having radii of 10 and 25
debye lengths, at values of the quantity 2e<ps/miVs

2 between
0.6 and 6.** The maximum debye length below 1000 km
is about 3 cm. The results show that for the 25 debye length
sphere radius, the charged particle drag calculated using
bi from Eq. (8) is always greater than the value given by the
numerical calculation. For the smaller sphere, Eq. (8)

# In a more recent paper Chopra23 describes \D/PO as "a more
plausible parameter." However, no arguments to support this
description are presented, and it is difficult to see why quantities
derived for a singly charged ion are plausible for a multiply
charged body.

** Contrary to the statement made by Hohl and Wood,14 their
results are actually for'conditions comparable to those used by
Davis and Harris.20 Although a lower potential is used in Ref.
14, lighter ions are considered. The average value of 2e<ps/m^s

2

used by Hohl and Wood is 0.39.

underestimates the charged particle drag by at most 15%.
The amount by which bi is in error seems to increase with
decreasing potential, implying that the satellite is more
effectively shielded at higher potentials. However, in view
of the fact that at values of 2e<ps/niiVs

z, less than one the
charged particle drag is already negligible; and since Davis
and Harris show that the drag decreases with decreasing
potential, it seems reasonable to conclude that, although
Eq. (8) does not correctly give the total charged particle drag
for small spheres at small potentials, its use to justify the
neglect of the fact that some atmospheric particles are ionized
is always permissible. Thus, a determination of the effective
shielding distance bm is not required. Note that for objects
much smaller than the debye length, the major contribution
to the drag comes from noncolliding deflected particles.
This subject is outside the scope of the present article, and is
treated elsewhere in the literature.

Induced Drag

Since the satellite has been assumed to be made of a con-
ducting material, the motion of this conductor across the
earth's magnetic field lines will cause a current flow, and a
resultant force on the conductor. The magnitude of this
force can be obtained, at least in theory, in terms of the
electrical conductivities of the satellite and the surrounding
plasma. This problem is treated by Jefimenko.38 However,
as is pointed out in Ref. 38, the use of the usual macroscopic
electrical conductivity of the surrounding plasma is not
correct, since the dimensions of the satellite are much smaller
than the mean free paths in the plasma.

Since the current flow to the satellite already has been
considered, an estimate of the induced drag can be obtained
by means of a very simple argument. The total ion current
to the satellite, neglecting the increase in the effective collec-
tion area due to the potential, is simply 7^ = —eniVsTrR2.
Now, as is pointed out by Beard and Johnson, the motion of
the satellite through the magnetic field produces a potential
gradient, which tends to concentrate the electron current
toward the positive end of the satellite. Neglecting the
effects of photoelectric emission, and regarding the ion
current as being at the negative end of the satellite, the total
current flow is just equal to the ion current. Thus, since the
force on a conductor moving perpendicular to a magnetic
field is simply F = IIB, where I is the effective conductor
length, the induced drag is given by F = — 2eriiVs7rR*B. The
effective length has been taken as 2R. This expression is
obtained by Jefimenko from a somewhat different argument,
in which he regards the satellite as an electric dipole.

Since the ion current is actually distributed more or less
uniformly over the satellite surface, the effective current is
about half the total current, and thus the induced drag ex-
pression just obtained should be divided by two, to yield
F = — eniV87rR*B. This is the expression obtained by Beard
and Johnson for large satellites, except for a numerical factor
of 0.85. To include the effect of potential on the ion cur-
rent, one makes use of the fact that, since the potential gra-
dient induced hi the satellite is 5v5/meter, and one end of a
large satellite is essentially at the plasma potential, the
average satellite potential is <p0 = BvsR. Thus, the induced
drag is given by

eBvaR\
(14)

In the region where this formulation is valid (below the hy-
drogen level) the effect of photoelectric emission may serve to
increase the effective current, and thus the induced drag,
by as much as a factor of 10.

In the more careful analysis of this problem presented by
Hohl and Wood,14 which appeared after the bulk of the pres-
ent article was completed, the satellite is divided into sec-
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tions, and the current flow to each section is considered
separately; although the effect of potential on the ion current
is neglected. Photoelectric emission is not considered, and
the resulting drag is somewhat smaller than that predicted
by Eq. (14). Hohl and Wood also include a discussion of the
effect of the internal resistance of the satellite, which has
been neglected here, and show that this is in fact negligible.

It is of interest to compare the induced drag with the inci-
dent charged particle drag, as given by Eq. (6). Taking
the ratio of Eq. (14) to Eq. (6), using bi as defined in Eq.
(8), with <p = <pQ = BvsR, one has

eRB
^ charge

(15)

Taking the magnetic field strength from Ref. 3 as B « 3 X
10~5 webers/m2, and using the data of Table 1, the maxi-
mum value of Eq. (15) is about 0.1 R, where R is in meters.
Thus, for very large satellites, the induced drag may be
significant, and, at extremely high altitudes, where the photo-
electric current is greater than the incident ion current (note
that the emission of a photoelectron is equivalent to the
collection of an ion) the induced drag probably exceeds the
neutral particle drag. At 3000 km the photoemission cur-
rent is estimated to be about 20 times the incident ion cur-
rent. It seems clear that, if the drag in the helium region
is to be calculated, the induced drag must be considered in
detail. Below this region the effect is negligible.ft

Wave Drag

As is explained by Lighthill,39 the deflection of charged
particles in a plasma actually takes place in a large number
of extremely small steps, and hence even in the case when
the free path on the basis of 90° deflection is large, the actual
particle momentum is being changed in a more or less con-
tinuous manner, and hence it is clearly possible that rela-
tively small bodies can excite some sort of collective plasma
motion. The question of collective plasma motion (plasma
waves or plasma oscillations) and the associated momentum
loss by the body exciting this motion is directly related to
the problem of calculating the potential and electric field
distribution around the body, and of determining the re-
sultant charged particle deflections. It would appear that
if the satellite moves into an undisturbed plasma, all con-
tributions to the drag force on the satellite due to any inter-
action with that plasma have been considered in the preceding
sections. It is of course possible that the perturbations of
the plasma produced by the satellite could in turn disturb
the plasma at the satellite, thus altering the forces on the
satellite. Any waves which do not alter the plasma at the
satellite will serve only to dissipate energy, the transfer of
which from the satellite to the plasma has already been con-
sidered. In the final analysis, the question seems to be
whether or not it is correct to treat the potential and charge
distribution around the satellite as a time independent prob-
lem. (Similar conclusions regarding wave drag are pre-
sented by Hohl and Wood.14)

The calculations performed by Kraus and Watson40 are
actually concerned with the time independent problem, and
hence, under the classification system used in this paper,
should correctly be considered in the section on drag due to
noncolliding deflected particles. Their analysis is restricted

ft The extremely large induced drags calculated by Chopra5

are due to the use of the macroscopic plasma electrical conduc-
tivity. Chopra claims that the use of the macroscopic con-
ductivity is justified by the fact that this conductivity is only
logarithmically dependent on the electron density. The reason-
ing behind this statement is difficult to understand, since a correct
macroscopic treatment must yield the same results as the micro-
scopic approach, and the discrepancy between the two results is
noted in Ref. 5.

to the case where GI « vs « ce, and they treat only bodies very
much smaller than the debye length. The maximum debye
length in that portion of the upper atmosphere in which the
ionic thermal velocity can be neglected is about 7 cm. As
would be expected, their results differ very little from those
obtained by Spitzer4 [see Eq. (13)]. Greifinger41 extends
Kraus and Watson's results to include the effects of a mag-
netic field. However, in a frame of reference moving with
the body the problem is still independent of time. The re-
sults indicate that the presence of a magnetic field modifies
the drag for zero magnetic field; however, the restriction on
body size imposed by Kraus and Watson is retained, and
hence the significance of these results for satellites of realistic
size cannot be determined.

No treatment of the time dependent problem seems to exist
at the present time, and hence the possible contribution of
collective plasma motion to the drag on a satellite cannot be
estimated. It is possible that a continuum approach, such
as that suggested by Lighthill39 may provide a more straight-
forward method of solving this problem.

Conclusions

The analysis of the preceding sections has shown that, apart
from the possible effects of plasma waves or plasma oscilla-
tions, in the calculation of the drag on a satellite large com-
pared to the debye length the fact that some atmospheric
particles are charged can be neglected below the altitude at
which helium becomes the principal atmospheric constituent.
In the helium region the induced drag on a large satellite
may be significant, particularly in cases where the photo-
electric emission current exceeds the incident ion current.
A means of estimating this effect has been given. The
methods of calculation used in the preceding sections are not
applicable to the region where hydrogen is the principal
atmospheric constituent.
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Integral Approach to an Approximate Analysis of Thrust
Vector Control by Secondary Injection
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An approximate analysis of thrust vector control by secondary fluid injection is approached
through the application of the integral form of the conservation laws and the equation of state
for a mixture of gases. The thrust augmentation and the side force are expressed in terms of
the flow conditions at the exit section of the nozzle and the problem is thus reduced to that of
determining these conditions. In this sense the present approach is different from the usual
one where the pressure distribution over the nozzle surface is the object of the analysis. Con-
sidering inert gases, the necessary equations are developed and the steps involved in obtain-
ing a solution are discussed. An approximate formula for the side force, applicable under
certain conditions of operation, is obtained. Results given by the formula are compared and
found to be in agreement with appropriate experimental results.

Nomenclature

== specific heat at constant pressure
= diameter of nozzle exit
= energy per unit length
= force

8Fa = thrust augmentation
Fs = side force
h = enthalpy per unit mass
H = total or stagnation enthalpy per unit mass
i = unit vector in the direction of X axis
j = unit vector in the direction of Y axis
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